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We suggest a construction of a large class of topological states using an array of quantum wires.
First, we show how to construct a Chern insulator using an array of alternating wires that contain
electrons and holes, correlated with an alternating magnetic field. This is supported by semi-
classical arguments and a full quantum mechanical treatment of an analogous tight-binding model.
We then show how electron-electron interactions can stabilize fractional Chern insulators (Abelian
and non-Abelian). In particular, we construct a non-Abelian Z3 parafermion state. Our construc-
tion is generalized to wires with alternating spin-orbit couplings, which give rise to integer and
fractional (Abelian and non-Abelian) topological insulators. The states we construct are effectively
two-dimensional, and are therefore less sensitive to disorder than one-dimensional systems. The
possibility of experimental realization of our construction is addressed.
PACS numbers: 73.21.Hb,71.10.Pm,73.43.-f,05.30.Pr
I. INTRODUCTION
The integer quantum Hall effect (IQHE)1 was discov-
ered in two-dimensional (2D) systems subjected to a
strong perpendicular magnetic field. The quantized con-
ductance is a consequence of the emergence of a topo-
logical number 2, known as the Chern number. Haldane3
showed that a Graphene-like material which breaks time-
reversal symmetry due to an alternating (zero average)
magnetic field may have a non-zero Chern number as
well. These types of materials, which have a non-zero
Hall conductance with a zero total magnetic flux, are
referred to as Chern insulators (CI).
The existence of edge modes4 in the QHE can be un-
derstood in various ways. In particular, one can under-
stand the presence of edge modes by studying the clas-
sical curved trajectories of electrons in a magnetic field.
In fact, it is possible to construct a semi-classical theory
for a specific set of Chern insulators as well. Consider a
system consisting of electrons and holes (whose masses
differ in sign). In the presence of a magnetic field, their
classical trajectories are curved in opposite directions. If
however, the electrons and the holes experience oppo-
site magnetic fields, the trajectories will be curved in the
same direction. One can imagine constructing a Chern-
insulator by separating the plane into regions which con-
tain only holes and only electrons. If the magnetic field
is opposite in the two regions, the classical trajectories
will be similar to those of electrons in a uniform magnetic
field. This suggests that, upon quantization, this system
should have a non-zero Chern number5, despite the fact
that the total magnetic flux vanishes.
Motivated by this semi-classical picture, we will study
in this work an effectively 2D system which con-
sists of alternating wires that contain electrons and
holes. Approaching the 2D problem from the quasi-
one-dimensional (Q1D) limit enables a full quantum-
mechanical analysis, and an analytic treatment of inter-
action effects using the bosonization technique. Ref.6,7
argues that it is possible to understand the IQHE by
(a) (b)
(c) (d)
FIG. 1. (Color Online) (a) Physical scheme of the Q1D model
we study. Blue wires contain electrons, and red wires contain
holes. The black arrows represent the magnetic field through
the system. The circles represent the sites of the correspond-
ing tight binding model35, and the tunneling amplitudes of
the tight binding model are represented by colored arrows. (b)
The energy spectrum of the wires (as a function of kx) near
zero energy without tunneling between the wires (t, t′, t′′ = 0).
The wires are tuned such that the four parabolas cross each
other at zero energy, and the chemical potential is set to be
zero. The spectra in blue, dashed blue, dashed red, and red
correspond to wires 1, 2, 3, and 4 in a unit cell, respectively.
(c) The energy spectrum when t is switched on. A gap opens
near kx = 0. (d) The spectrum when t
′ is switched on as well.
This gives an additional gap at kx > 0. Free chiral modes are
left on wires 1 and 4. Finally, if one switches on t′′, there are
free chiral modes at the edge of the system, which suggests
that there is a non-zero Chern number.
considering a set of weakly coupled parallel wires. First,
we will show that one can use an array of wires to con-
struct a CI as well (see Fig. 1a). We then introduce a
tight-binding version of this model and obtain a phase
diagram, showing the Chern number as a function of the
model parameters.
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2Kane et al.8 generalized the wires approach to the
Abelian fractional quantum Hall effect (FQHE) using the
bosonization technique. We will generalize our construc-
tion to a fractional CI (FCI) as well.
To do so, we introduce composite particles. This trans-
formation maps the electrons and holes at 1/3 filling
to composite particles at filling 1. The possibility of
a FCI has recently been discussed quite extensively in
the literature9. Numerical investigations10–15 of lattice
models with nearly flat bands presented strong evidence
for FCI states. More general approaches, connecting the
properties of the known FQHE states and analogous FCI
states, were found16,17. Here we present an alternative
analytic approach to the subject, which may be applica-
ble in experiments.
Teo & Kane18 expand the approach of8 to non-
Abelian states. We will see that our results can be
generalized to the non-Abelian case as well, and we
will provide a detailed construction of a state similar
to the Z3 Read-Rezay state. This state supports Fi-
bonacci anyons, which may be used for universal quan-
tum computation19,20.
Using an analogy between a magnetic field and a spin-
orbit coupling (in the zˆ direction only), we will construct
a topological insulator from an array of wires using an
alternating spin-orbit coupling. It will then be straight-
forward to generalize the above model to a fractional
topological insulator (FTI)21. Other realizations of FTI
states were discussed in Ref.22–26.
We note that the wires approach was recently used
by various papers32–34 to discuss a variety of topological
states.
II. WIRES CONSTRUCTION OF A CI
Motivated by the above semi-classical picture, we have
designed the wires construction, shown in Fig. 1a. In
each unit cell there are four different wires. We tune the
wires’ chemical potentials such that wires 1 and 2 of each
unit cell are near the bottom of the band, and wires 3
and 4 are near the top. Effectively, we have alternating
pairs of wires that contain electrons and holes. A positive
(negative) magnetic field is introduced between the pairs
of electron (hole) wires. This is a Q1D version of the
semi-classical picture we described above.
For illustration and simplicity it is convenient to choose
a gauge in which the vector potential A points at the xˆ
direction.We can tune the wires’ bands in such a way that
all their crossing points match in energy. In this case, the
energy spectra are similar to those depicted in Fig. 1b.
We define k0F as the Fermi momenta in the absence of
an external magnetic field. kϕ =
eBa
2~c is the shift of the
parabolas due to the magnetic fields (see Fig. 1b).
If in addition, neighboring wires of the same type are
weakly tunnel coupled (with an amplitude t), a gap opens
between parabolas 1 and 2, and parabolas 3 and 4. The
spectrum in this case is depicted in Fig. 1c.
Introducing now a coupling between the electrons and
holes inside a unit cell (t′), a gap will open at kx > 0,
and we arrive at the spectrum depicted in Fig. 1d. If
we now switch on small tunneling between different unit
cells (t′′), the coupling between the edges decays expo-
nentially with the sample width, and in the thermody-
namic limit we expect to find gapless edge states. The
observation of gapless edge states indicates that there is
a non-zero Chern number. To show this explicitly, we
have constructed a 2D tight-binding model, which is the
lattice version of the above continuous model. The tight
binding model enables an exact derivation of phase di-
agram, showing the Chern number as a function of the
model parameters. For more details see the supplemen-
tal material35, where the tight binding model is defined,
and its phased diagram is derived, ensuring that the re-
sults of the above discussion are valid. We note that,
by construction, our model has only a single chiral edge
mode, leading to the fact that the model can only have
Chern numbers C = ±1. Generalization to larger Chern
numbers is a possible interesting extension.
III. FCI
The wires construction invites us to add interactions
and use bosonization techniques, similar to those used
in8,18. This allows us to generalize the above results to
FCI states. In the presence of interactions, multi-electron
processes may open a gap even if the Fermi point of the
left movers is not equal to the Fermi points of the right
movers8,18,27,28.
To understand the required conditions for a gap open-
ing due to multi-electron scattering processes, it is use-
ful to present the spectra of Fig. 1b in an alternative
way. Instead of plotting the entire spectrum of the wires
together, we plot only the Fermi points as a function
of the wire index. Soon, we will linearize the spectra
around these points. A cross (
⊗
) denotes the Fermi
point of a right mover, and a dot (
⊙
) denotes the Fermi
point of a left mover. Before analyzing the fractional
case, it is useful to revisit the simple ν = 1 case. We
will see that the main results of the tight binding model
arise naturally in the bosonization framework. Fig. 2a
shows the diagram that corresponds this case (Fig. 1b).
Linearizing the spectrum around the Fermi-points of each
wire, and using the standard bosonization procedure,
we define the two chiral bosonic fields, φRi and φ
L
i , for
each wire. In terms of these, the fermionic operators are
ψRi ∝ ei(k
R
i x+φ
R
i ), ψLi ∝ ei(k
L
i x+φ
L
i ).
Without interactions, a momentum conserving single-
electron tunneling between the wires (denoted in Fig. 2a
by an arrow) is possible only when the left and right
movers of adjacent wires are at the same point in k-space.
The single-electron tunneling operators between adjacent
wires (denoted in Fig. 2a by green, red, and dashed red
3(a) (b)
FIG. 2. (Color Online) (a) A diagrammatic representation of
the energy band structure in the case ν ≡ k0F /kϕ = 1 (See
Fig. 1b for definitions of kϕ and k
0
F ). The y axis shows the
wire index inside the unit cell, and the x axis shows kx in units
of kϕ. The symbol  (⊗) represents kLi (kRi ). Colored arrows
represent tunneling amplitudes between the wires. (b) The
same diagram for a topological insulator with ν = 1
3
. Colored
arrows now represent the multi-electron processes responsi-
ble for the creation of Laughlin-like states. These complex
processes in terms of the electrons (ψ ∼ eiφ) for ν = 1/3 are
mapped to simple tunneling processes in terms of the fermions
ψ˜ ∼ eiη. Thus, ν = 1/3 for ψ is equivalent to ν = 1 for ψ˜. In
the presence of spin orbit coupling, spin up (blue) and spin
down (light red) will experience opposite alternating effective
magnetic fields.
arrows) are
tψR†1(3)ψ
L
2(4) + h.c. ∝ t cos
(
φR1(3) − φL2(4)
)
,
t′ψR(L)†2 ψ
L(R)
3 + h.c. ∝ t′ cos
(
φ
R(L)
2 − φL(R)3
)
,
t′′ψR(L)†4 ψ
L(R)
1′ + h.c. ∝ t′′ cos
(
φ
R(L)
4 − φL(R)1′
)
. (1)
We switch on the operators in the following way: first, we
switch on a small t tx. Since this is a relevant operator,
it gaps out the spectrum near kx = 0. Then, we switch
on smaller electron-hole couplings t′, t′′ < t. The terms
ψR†2 ψ
L
3 and ψ
R†
4 ψ
L
1′ gap out the rest of the spectrum,
leaving a gapless edge mode. As we discussed before,
this indicates that there is a non-zero Chern number.
Note that the terms ψL†2 ψ
R
3 and ψ
L†
4 ψ
R
1′ contain fields
which are conjugate to those already pinned by t. Strong
quantum fluctuations are therefore expected to suppress
these terms.
We now turn to generalize this to Laughlin-like FCI
states, with a filling factor ν = k0F /kϕ = 1/(2n + 1),
where n is a non-negative integer. For example, the k-
vector pattern of the wires with ν = 1/3 is shown in
blue in Fig. 2b. In this case, multi-electron processes are
expected to gap out the system (except for the edges).
To see this, it is enlightening to define new chiral fermion
operators
ψ˜
R(L)
i = (ψ
R(L)
i )
(n+1)(ψ
†L(R)
i )
n ∝ ei
(
q
R(L)
i x+η
R(L)
i
)
, (2)
with
η
R(L)
i = (n+ 1)φ
R(L)
i − nφL(R)i , (3)
and q
R(L)
i = (n+ 1)k
R(L)
i − nkL(R)i . A direct calculation
of the commutation relations of the η-fields show that
they have an additional factor of 2npi compared the φ-
fields. This gives an extra (trivial) phase factor ei2pin
in the anti-commutation relation of the ψ˜’s compared to
the ψ’s, insuring that the ψ˜’s are fermionic operators.
In addition, it can easily be checked that the resulting
structure of the q’s is identical to that of the k’s in the
case of ν = 1 (Fig. 2a), so that ψ˜ can be regarded as a
fermionic field with ν = 1. This procedure can therefore
be interpreted as an attachment of 2n quantum fluxes
to each electron (cf. Jain’s construction of composite
fermions36).
Repeating the analysis of the ν = 1 case, we can now
write single ψ˜ tunneling operators, identical to those
found in Eq. (1) (replacing ψ → ψ˜, φ → η, with new
tunneling amplitudes t˜, t˜′, and t˜′′). In terms of the origi-
nal electrons, these operators describe the multi-electron
processes shown in Fig. 2b. Note that when the in-
teractions are strong enough, these operators become
relevant8,18,27. From here, the process is identical to
the integer case. The gap due to the ψ˜ tunneling op-
erators ensures that competing processes (for example,
single electron tunneling between wires 2 and 3, or 4 and
1’) are suppressed, as they contain fields that are conju-
gate to the fields pinned by t˜ (which is dominant by our
construction).
The fact that the composite η-fields (and not the orig-
inal φ fields) are pinned, leads to the various properties
of these Laughlin-like states, like the fractional charge
and statistics of the excitations, in analogy to the known
FQHE states8,18.
IV. NON-ABELIAN FCI
As the discussion above shows, the wires construction
allowed us to create Abelian fractional Chern insulators.
Ref.18 constructed non-Abelian QHE states by enlarging
the unit cell, and taking a non-uniform magnetic field in-
side each unit cell. By our construction, any non-Abelian
state constructed by18 can be generalized to the CI case.
To do so, one can take two unit cells from the construc-
tion in Ref.18, reverse the magnetic field of the second
unit cell, and use holes instead of electrons. However,
the lack of a total magnetic flux in our system enables a
simpler construction of non-Abelian states, which don’t
have a direct analog in the QHE. We now show that a
slight modification of the procedure that enabled the con-
struction of Laughlin-like states may lead to non-Abelian
states. We will focus here on a state similar to the Z3
Read-Rezay state. Generalization to other non-Abelian
states is possible.
To obtain a Z3 parafermion state, we take ν = 1/3,
and construct the ψ˜ operators. Let us start in the special
4point where t˜, t˜′, and the coupling between ψ˜R1 and ψ˜
L
4 are
tuned to have exactly the same value, denoted by v (at
the end, when the topological nature of our construction
will be revealed, this strict requirement can be relaxed, as
long as the bulk gap doesn’t close). It can be shown (see
supplemental material35 for more technical details) that
under these assumptions our problem can be mapped to
the β2 = 6pi self-dual Sine-Gordon model, which was
studied in Ref.31,37. Specifically, it was shown that this
model is mapped to a critical Z3 parafermionic field.
We have established that any unit cell has two counter
propagating Z3 parafermionic fields (around k = 0), and
two counter propagating charge modes at kx = −2kϕ.
As earlier, we can in principle gap out the spectrum by
switching on specific coupling terms between different
unit cells, leaving eventually a Laughlin-like charge mode
and a Z3 parafermion mode at the edge of the sample.
However, in order to leave a chiral parafermion mode we
need to consider quasiparticle tunneling terms, which are
not allowed in the present construction31,35. This tech-
nical problem is easily solved by adding an additional
flavor quantum number to each wire, which allows one
to effectively create a thin FQHE state in each unit cell
(see supplemental material35). This way, in addition to
supporting gapless parafermion modes in each unit cell,
our construction enables their coupling. We point out
that the above construction is related to the bilayer QHE
system presented by Ref.38. We note that while the non-
Abelian part is the same as the non-Abelian part of the
Z3 Read-Rezay state, the charge mode is different.
V. TOPOLOGICAL INSULATORS FROM THE
WIRES APPROACH
The entire analysis presented here can also be carried
out for spinful electrons if one introduces spin-orbit in-
teractions (in the zˆ direction only). This can be done if
an alternating electric field is introduced instead of an
alternating magnetic field. For example, the electric field
can be tuned in such a way that the spin-orbit coupling
is positive at wires 1 and 4, and negative at wires 2 and
3. Fig. 2b shows the appropriate Fermi-momenta cor-
responding to ν = 13 (in blue for spin up and light red
for spin down). If one considers only processes which
conserve Sz, we get a simple construction for integer,
Laughlin-like, and non-Abelian topological insulators21,
which are simply two copies of the FCI states discussed
above (with opposite chiral modes for the different spin
species). If we now introduce small time-reversal invari-
ant terms which violate Sz conservation (but do not close
the gap), the helical modes remain protected.
VI. GENERALIZATION
The approach we present here can be extended to hi-
erarchical Abelian states, as well as other non-Abelian
(a) (b)
FIG. 3. (Color Online) (a) A possible experimental realization
of our construction. Green lines represent current carrying
wires, which produce the alternating magnetic field needed
for our construction. This way, the magnetic field is posi-
tive (i.e. out of the page, denoted by
⊙
) in n-regions that
contain electrons, and negative (
⊗
) in p-regions that contain
holes. (b) Another possible realization of our construction
where now the 2D plane is replaced by many V-grooves con-
nected in parallel. Again, blue regions contain electrons and
red regions contain holes. The arrows represent the constant
external magnetic field. In this geometry, electrons and holes
experience opposite magnetic fields.
states (such as a Moore-Read-like state). One can also
study the effects of proximity to a superconductor, which
is expected to yield other non-Abelian states. A detailed
further study of these constructions will be performed in
the future.
VII. EXPERIMENTAL REALIZATIONS
The above theoretical construction may also be ap-
plicable in experiments with superlattices that realize
the particle-hole structure we suggest. The alternating
magnetic field can be generated, for example, using a
snake-like wire39, as shown in Fig. 3a (for more tech-
nical details see the supplemental material35), or using
an array of V-grooves40, as shown in Fig. 3b. We note
that stripes with an alternating magnetic field can also
be realized in cold atom systems41. By coupling many
(or maybe only a few) wires together we get an effective
2D system. Our construction lacks the disadvantages
of fractional 1D states27,28, which are not topologically
protected42,43, and the need to invoke proximity to a su-
perconductor and a strong magnetic field simultaneously
in 2D 29–31. As long as the width of the edge modes is
smaller than the sample width, it behaves practically as
a topologically protected 2D system.
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6SUPPLEMENTAL MATERIAL
This supplemental material introduces the tight binding version of the wires construction. A detailed derivation of
the phase diagram is presented. In addition, we show explicitly how our construction of a non-Abelian state is mapped
to the self-dual Sine-Gordon model, and provide technical details about the experimental realization suggested at the
concluding part of the main text.
TIGHT BINDING MODEL
To show explicitly that the model is topologically non-trivial, we have constructed a 2D tight-binding model, which
is the lattice version of the wires construction defined in the main text.
The unit cell of the model is larger than the basic unit cell of the underlying square lattice: each unit cell contains
4 points, corresponding to the 4 different wires in Fig. 1a of the main text. Each point is characterized by (x, y), the
location of the unit cell (measured in units of the lattice spacing a), and an index n = 1, 2, 3, 4 which labels the sites
inside the unit cell.
We introduce the nearest neighbor tunneling amplitudes: t, t′, t′′,±txe±ikϕa, described in Fig. 1a of the main text.
The phase e±ikϕa, with kϕa = eBa
2
2~c , is the Peierls phase associated with the alternating external magnetic field. It is
related to the flux in a basic unit cell: kϕa =
ϕ
2 , where ϕ = 2pi
Φ
Φ0
. In addition, we introduce a mass term (not related
to the physical mass of the particle), which adds a constant energy m (−m) for electrons (holes). The sign of tx is
equal to the sign of m. Similar to Haldane’s original model, m and ϕ tune the system into and out of the topological
phases. For simplicity, we restrict ourselves to the case t′′ = t′.
We define the annihilation operators, cn(x, y), in terms of which the tight binding Hamiltonian described in the
main text is a sum of the following terms:
Hm = m
∑
x,y
[
2∑
n=1
c†n(x, y)cn(x, y)−
4∑
n=3
c†n(x, y)cn(x, y)
]
, (4)
Hy = −t
∑
x,y
[
c†2(x, y)c1(x, y) + c
†
4(x, y)c3(x, y) + h.c.
]
, (5)
H ′y = −t′
∑
x,y
[
c†3(x, y)c2(x, y) + c
†
1(x, y + 4)c4(x, y) + h.c.
]
, (6)
Hx = −tx
∑
x,y
[
c†n(x+ 1, y)cn(x, y)e
iφn (7)
−c†n(x+ 1, y)cn(x, y)eiφa + h.c.
]
,
with φ1 = φ4 = −kϕa = ϕ/2 and φ2 = φ3 = kϕa = −ϕ/2.
It is convenient to write the Hamiltonian in Fourier space, where it takes the form H =
∑
k∈BZ1 ψ
†(k)h(k)ψ(k),
with ψ = (c1, c2, c3, c4)
T
, and
h(k) =

m− 2tx cos [(kx − kϕ) a] −t 0 −t′e4ikya
−t m− 2tx cos [(kx + kϕ) a] −t′ 0
0 −t′ −m+ 2tx cos [(kx + kϕ) a] −t
−t′e−4ikya 0 −t −m+ 2tx cos [(kx − kϕ) a]
 .
(8)
We define a new gauge:
c1(k)→ c1(k)e−ikya,c2(k)→ c2(k)e−ikya,
c3(k)→ c3(k)eikya,c4(k)→ c4(k)eikya, (9)
in terms of which the Hamiltonian takes the simple form
h(k) = [m− 2tx cos (kxa) cos (kϕa)]σz − 2txτz sin (kxa) sin (kϕa)
− tτx − t′σx [cos (2kya) τx − sin (2kya) τy] . (10)
7In writing the Hamiltonian this way we divide the 4× 4 matrix into four 2× 2 blocks, where τi (i = x, y, z) are Pauli
matrices which operate within the 2 × 2 blocks separately, while σi are Pauli matrices which operate on the outer
2× 2 matrix of blocks.
Symmetries
It is easy to check that the Hamiltonian in Eq. (10) has a particle-hole symmetry,
Λh(k)Λ = −h∗(−k), (11)
where Λ = σxτz. The particle-hole symmetry implies that the bands are symmetric around E = 0. Therefore, any
crossing of the upper and lower bands must be at E = 0. Additionally, we have an inversion symmetry,
Ph(k)P = h(−k), (12)
where P = τx. The crossings therefore must either be at the high symmetry points, satisfying −k = k+G, or come
in pairs.
Crossing points
For convenience, we write the Bloch Hamiltonian, Eq. (10), in the form
h = Aσz +Bτz + Cτx +Dσxτx + Eσxτy. (13)
In terms of these, the spectrum is
E = ±
√
(A2 +B2 + C2 +D2 + E2)± 2
√
A2B2 +A2C2 + C2D2. (14)
Using this explicit form, it is now easy to find that the upper and lower bands cross each other at the high symmetry
points when
m = ±2tx cos (kϕa)±
√
t2 − t′2. (15)
These crossing points signal a topological phase transition between a topologically trivial phase and a phase with
a non-zero Chern number. The resulting phase diagram, showing the Chern number as a function of m and ϕ is
depicted in Fig. 4.
There are additional crossings at the points kϕa = 0, pi, whose locations in k-space depend on m. Since these
crossings are not at the high symmetry points, they must come in pairs.
If we add a small non-zero chemical potential µ, the bands cross the chemical potential when
m = ±2tx cos (kϕa)±
√
(t± µ)2 − t′2. (16)
The topologically trivial and non-trivial insulating phases are now separated by metallic phases. The transitions
between the metallic and insulating phases are described by Eq. (16).
In the same way, metallic regions appear near kϕa = 0, pi.
MAPPING TO THE SELF-DUAL SINE-GORDON MODEL
In terms of the bosonized η fields, the scattering terms presented in the main text are:
v
[
cos
(
ηL2 − ηR1
)
+ cos
(
ηR3 − ηL4
)
+ {2↔ 4}] . (17)
Defining (φc, θc, φs, θs)
T
= U
(
ηR1 , η
L
2 , η
R
3 , η
L
4
)T
, with
U =
1√
24pi
 1 1 1 1−1 1 −1 11 −1 −1 1
−1 −1 1 1
 ,
8FIG. 4. The phase diagram showing the Chern number as a function of m and ϕ. Red regions have C = 1, blue regions
have C = −1, and white regions are topologically trivial regions with C = 0. The figure was generated with the parameters
t/tx = 0.5, t
′/tx = t′′/tx = 0.2
we can write the Hamiltonian in the convenient form∫ [
1
2
∑
a=c,s
(
(∂xφa)
2
+ (∂xθa)
2
)
+ 2 cos
(√
6piθc
)
×
v
[
cos
(√
6piθs
)
+ cos
(√
6piφs
)]]
dx. (18)
If we manage to pin the field θc, the term cos
(√
6piθc
)
can be regarded as a constant, and the resulting Hamiltonian
describes the β2 = 6pi self-dual Sine-Gordon model. We suggest two ways to pin θc:
1. By increasing the bare value of v, we can make the operators which multiply v relevant (since the phase diagram
is expected to be similar to the Kosterlitz-Thouless-Berezinskii phase diagram). In this case, the term cos
(√
6piθc
)
appearing in Eq. (18) is spontaneously pinned to a minimum, and can be treated as a constant.
2. By utilizing the electron-electron interactions, such that the corresponding term is made relevant in the weak
coupling limit. As an example, we model the Coulomb interactions by
Hint = v
∫
dxρ(x)2,
where ρ(x) = ∂xθcpi is the total charge density. In this case the interactions act only on the charge sector, and the
kinetic term of the charge sector can be written in the form:∫
v∗
2
(
Kc (∂xφc)
2
+
1
Kc
(∂xθc)
2
)
dx. (19)
When the repulsive interactions become strong enough (i.e. Kc becomes small enough), the term multiplying v
becomes relevant.
9FIG. 5. The diagrammatic representation of the spectrum that corresponds to the case where the system is tuned to ν = 1/3
and each wire has two flavors. The momenta shown in the figure are the q’s corresponding to the composite fields ψ˜ defined in
the main text. Blue and orange modes represent the flavors a and b. Green arrows are terms used to effectively create a bulk
FQHE state, and red arrows are used to map the problem to the β2 = 6pi self-dual Sine-Gordon model in each unit cell. The
effective bulk supports the quasiparticle tunneling needed to couple the parafermion modes.
Note that in order to leave a chiral parafermion mode at the edge of the sample, the coupling between different unit
cells should be chosen such that it couples the right moving parafermion mode of one unit cell to the left moving
parafermion mode of the next unit cell (or vice versa). This was shown to require terms which involve tunneling of
quasiparticles [25]. These kind of terms are therefore not allowed between the wires. To overcome this, we need to
effectively create a bulk FQHE state between these modes, in which tunneling of quasiparticles is allowed. This can
be done if we slightly modify our construction such that each wire contains two flavors (denoted by a and b). The
spectrum as a function of the momenta q’s (corresponding to the composite fields ψ˜) is shown in Fig. (5). We now
have effectively 8 wires in each unit cell, out of which we can create an effective bulk FQHE state. Green arrows
represent the operators which form the FQHE state, and red arrows represent the operators which create the gapless
parafermion modes. The quasiparticle tunneling terms needed to create the Z3 parafermion state are now allowed by
the thin FQHE bulk in each unit cell, and one can construct the desired 2D state.
This is seen to require further tuning of the couplings [25]. However, due to the topological nature of the phase we
describe, deviations from this specific form are possible, as long as the gap in the bulk does not close. In this case, a
change in the couplings only affects the width of the edge modes.
EXPERIMENTAL REALIZATION
Our Q1D construction requires an alternating magnetic field. Experimentally, this can be realized using a snake-like
wire, similar the one shown in Fig. 3a of the main text.
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In this configuration, assuming that the width of the p-n regions is ∼ 100nm and using the Biot-Savart law we
find that the desired current needed to create the states we constructed is of order
I ∼ npi~c
2
2e
≈ (100mA)(100nm)n,
where n is the one-dimensional density of the conducting band. Assuming n ∼ (1000nm)−1, we get that currents of
order ∼ 10mA should suffice.
